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ABSTRACT: In this paper, the non-local theory of elasticity is applied to obtain the behavior of a
Griffith crack in the piezoelectric materials under anti-plane shear loading for permeable crack surface
conditions. By means of the Fourier transform, the problem can be solved with the help of a pair
of dual integral equations with the unknown variable being the jump of the displacement across the
crack surfaces. These equations are solved by the Schmidt method. Numerical examples are provided.
Unlike the classical elasticity solutions, it is found that no stress and electric displacement singularity
is present at the crack tip. The non-local elastic solutions yield a finite hoop stress at the crack tip,
thus allowing for a fracture criterion based on the maximum stress hypothesis. The finite hoop stress
at the crack tip depends on the crack length and the lattice parameter of the materials, respectively.
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1 INTRODUCTION

In the theoretical studies of crack problems of
the piezoelectric materials, several different electric
boundary conditions at the crack surfaces have been
proposed by numerous researchers('™~". The basic
theory and the problems of dislocation, crack and
inclusion of the piezoelectric materials were investi-
gated in Ref.[1]. The electric saturation crack model
in the piezoelectric materials was studied in Refs.[2,3].
A complete exact solution was obtained in Ref.[3]
for a single electric saturation crack in an infinite
piezoelectric media. In fact, cracks in piezoelectric
materials consist of vacuum, air or some other gas.
This requires that the electric fields can propagate
through the crack, so the electric displacement com-
ponent perpendicular to the crack surfaces should
be continuous across the crack surfaces. Along this
line, the crack problem of piezoelectric materials was
studied in Ref.[4]. Recently, Dunnl®! and Sosa and
Khutoryansky(®l avoided the common assumption of
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electric impermeability and utilized more accurate
electric boundary conditions at the rim of an ellipti-
cal flaw to deal with anti-plane problems of piezoelec-
tricity. They analyzed the effects of electric boundary
conditions at the crack surfaces on the fracture behav-
iors of piezoelectric materials. Most recently, the be-
havior of a bi-piezoelectric ceramic layer with an inter-
facial crack has been investigated by using the dislo-
cation density function and the singular integral equa-
tion method for two different crack surface boundary
conditions in Ref.[7], respectively, i.e. permeable and
impermeable. It is interesting to note that very differ-
ent results were obtained with different boundary con-
ditions. However, these solutions contain stress singu-
larity. This is not reasonable according to the physical
nature. The stresses near the tip of a sharp line crack
in an elastic plane subject to uniform tension, shear
and anti-plane shear were discussed in Refs.[8~10] by
use of the non-local theory. These solutions gave fi-
nite stresses at the crack tips, thus resolving a funda-
mental problem that persisted for many years. This
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enables us to employ the maximum stress hypothesis
to deal with fracture problems in a natural way. The
solutions in Refs.[8~10], however, were not exact and
were reexamined in Refs.[11,12] using a different ap-
proach. The dynamic stresses near the tip of a line
crack or two line cracks in an elastic plane were in-
vestigated in Refs.[13,14] by use of non-local theory.
These solutions did not contain any stress singularity.
To our knowledge, the electro-elastic behavior of the
piezoelectric materials with a permeable crack sub-
jected to anti-plane shear and in-plane electric loading
has not been studied by the non-local theory.

In the present paper, the behavior of a perme-
able crack subjected to anti-plane shear in piezoelec-
tric materials is investigated by use of the non-local
theory. The traditional concept of linear elastic frac-
ture mechanics and the non-local theory are extended
to include the piezoelectric effects. Fourier transform
is applied and a mixed boundary value problem is re-
duced to a pair of dual integral equations with the
unknown variable being the jump of the displacement
across the crack surfaces. In solving the dual inte-
gral equations, the jump of the displacement across
the crack surface expanded in a series of Jacobi poly-
nomials and the Schmidt method™! is used. This
process is quite different from that adopted in previ-
ous studies'™~19] as mentioned above. As expected,
the solution in this paper does not contain the stress
and electric displacement singularity at the crack tip.
The stress field and the electric field for the non-local
theory are similar to those of the classical elasticity
solution away from the crack tips. Near the crack tip,
a lattice parameter tends to control the amplitude of
the stress and the electric displacement.

2 BASIC EQUATIONS OF NON-LOCAL
PIEZOELECTRIC MATERIALS

For the anti-plane shear problem, the basic equa-
tions of linear, homogeneous, isotropic, non-local
piezoelectric materials, with vanishing body force

aIe[4,10]

OTpz | OTyz

= 1
oz dy 0 ()
oD, 9D,

= 2
Oz + Jy 0 )

Tx (X) = /V [ (1X = X Pw (X)+

eis(|X = X[)pp(XNAV(X)  k==y

®3)

Di(X) = /V )5 (X7 — X p(X7)-
(X — XDoR(XNAV(X)  k=2y

(4)

where the only difference between the classical elastic
theory and the piezoelectric theory is in the stress and
the electric displacement constitutive Eqgs.(3), (4) in
which the stress 7,,(X) and the electric displacement
D(X) at a point X depends on w(X) and ¢ ,(X),
at all points of the body. w and ¢ are the mechanical
displacement and electric potential. For homogeneous
and isotropic piezoelectric materials there exist only
three material parameters, ¢, (| X' —X]|), e15(| X' —X])
and &}, (|X’ — X|) which are functions of the distance
| X’ — X|. The integrals in Eqgs.(3), (4) are over the
volume V of the body enclosed within a surface 9V

As discussed in Refs.[16,17], the form of
ca(|X" = X|), e15(|1X" — X[) and &7, (] X’ — X[) can
be assumed such that the dispersion curves of plane
elastic waves coincide with those known in lattice dy-
namics. Among several possible curves the following
has been found to be very useful

(Chas €15, €11) = (Caa, €15, €11)a(| X' — X|) (5)

(| X' — XI) = e exp[—(8/a)*(X" - X)(X' - X)]
(6)

where § is a constant, a is the lattice parameter of
the materials. cyq, €15, £11 are the shear modulus,
piezoelectric coeflicient and dielectric parameter, re-

spectively. ag is determined by the normalization

] alx = xpavix) =1 ()

In the present work, the non-local elastic mod-
uli are given by Eqs.(5) and (6). Substituting Eq.(6)
into Eq.(7), it can be obtained, in the two-dimensional
space, that

a = —(#/a) (¥

Substitution of Egs.(5), (6) into Eqs.(3), (4)
yields

s (X) = / (X' — XDora(XWV(X)  k=2,y
v (9)

Di(X) :/ a(|X' = X)Dg(XN)AV(X')  k==z,y
v (10)
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where

Ohz = C44W  + €15P & k==zy (11)

Dli = 615w7k - 611(]5714, k= Yy (12)
Expressions (11), (12) are the classical constitutive
equations.

3 THE CRACK MODEL

Consider an infinite piezoelectric body contain-
ing a Griffith permeable crack of length 2[ along the
z-axis. The piezoelectric boundary-value problem for
anti-plane shear is considerably simplified if we con-
sider only the out-of-plane displacement and the in-
plane electric fields as shown in Fig.1. As discussed
in Refs.[7,10], since no opening displacement exists
for the present anti-plane problem, the crack surfaces
Accord-
ingly, a permeable condition will be enforced in the
present study, i.e., both the electric potential and the
normal electric displacement are assumed to be con-
tinuous across the crack surfaces. So the boundary
conditions of the present problem are (In this paper,
we consider the perturbation stress field and the per-
turbation electric displacement field)

can be assumed to be in perfect contact.

7 (@,0") =72(2,07) =7 Jel <1 (13)

DV (z,0%) = DP (2,0~
v (2,07) = Dy~ ( )|il'|§00 (14)
¢ (z,0%) = ¢ (,07)
w(z,0t) =wP(z,07)=0 |z|>1 (15)
wk)(z,y) = ¢™(z,y) =0
for (22 +y*)/? = o k=1,2 (16)

Note that all quantities with superscript k(k = 1, 2)
refer to the upper half plane and lower half plane. 7
is a magnitude of the stress field.

Fig.1 Crack in a piezoelectric material
body under anti-plane shear
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Substituting Egs.{9), (10) into Egs.(1), (2}, re-
spectively, using Green-Gauss theorem, it can be
obtained!®! that

//v afle’ =z, |y — y))eaaVu(a’, ")+

1
e1sV26(a!, ¢ )|da'dy ~ / a(jz’ ~ z],0).
-1
[oyz(:c',0+) — ayz(ac', 07)]dz' =0 (17)

//V a(jz’ — 2|, 1y’ — yles Vw(z',y') -

l
e11V2¢(2',y)|da’dy’ —~ / a(jz’ — z|,0)-
-1
[Dg(z',07) — DS (2,07 )]dz" =0 (18)

V? = 82 /82%+08?/8y? is the two-dimensional Laplace
operator. Because of the assumed symmetry in geom-
etry and loading, it is sufficient to consider the prob-
lem for 0 < x < 00, 0 < y < oo only. Under the ap-
plied anti-plane shear load on the unopened surfaces
of the crack, the displacement field and the electric
displacement satisfy the following symmetry condi-
tions

w(““’? _y) = _w<$7 3/) (]5(.’1’,‘, _9) = —¢($, y) (19)

Using Eq.(19), we find that
0yz(2,07) — 0, (2,07) = 0 (20)
Di(z,0%) — Dg(2,07) =0 (21)

Hence the line integrals in Eqs.(17), (18) vanish. By
taking the Fourier transform of Eqs.(17), (18) with re-
spect to z’, it can be shown that the general solutions
of Egs.(17), (18) are identical to those of the following
equations

d%w(s,
Ca4 [—déﬁ_y-) - sQu‘;(s,y)] +

s [FRD 2560 =0 (2

2 —
€15 [%ysz,y) - 3271’(3,3/)} -
. {dzrﬁ(s,y) B

i szé(s,y)} =0 (23)

almost everywhere. Here a superposed bar indicates
the Fourier transform.
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The general solutions of Eqgs.(22), (23) satisfying
Eq.(16) are, respectively
Wggy =2 [ sy
w\ (z,y) = — Ay(s)e™"¥ cos(xs)ds
T Jo

¢(1)(‘T7 y) -

_ %/OooBl(s)e

g/ Az (s)e® cos(zs)ds
T Jo

W (g, y) (24)
€11

% cos(zs)ds

w®(a,y) =

@ (z,y) - —w®(z,y) (25)

= 2/ By (s)e®¥ cos(zs)ds
T Jo

where A;(s), B1(s), A2(s), Bz2(s) are to be determined
from the boundary conditions.

The stress field and the electric displacement,
according to Eqgs.(9), (10), are given by, respectively

D (@,y) = 2/00[ psAi(s) — eissBy(s)]ds:

N
a(le’ —al, Iy + yl)e

D (z,y) = E/ 511831(5)(13/ dy”-
7 Jo o

| lati' —ally - ul)+

— 0

aflz’ -z, ly" —y)+

=Y cos(sz')dz’ (26)

ale’ = al, Iy + e~ cos(sa’)dx’  (27)

D(e,y) =
foo [
alz’ ~ |, |y +yl)le

2 / £118B3(s)ds-

2 o0

7r/ [sAs(s) + e158Ba(s)|ds-
a2’ - |, [y - yl)+

=Y cos(sz')dz’ (28)
D(2)(w y) =

oo ] e

|z’ — |, |y +yl)]e

a2’ — =],y —yl)+
=Y cos(sz')da' (29)
where H = C44 + 6%5/611.

Using Eq.(6) for o] X' —
tegrations on ' and y'. To this end we consider the

X|), we carry out in-

following integrals('8]

I = /00 exp(—pz'?) { siné(e’ +2) }d:c'

oo cosé(z' + )

Y exp<—£2/4p>{ sin(¢w) } (30)

cos(é)
I = /Ooo exp(—py — vy')dy’ = %(W/p)lﬁ-
exp(r?/4p)[1 — B(1/2V/p) (31)
#(:) = = [ exp(-t)i (32)
Hence
@00 = =2 [ sluts(6) + exsr(o)]

erfc(es) cos(sz)ds (33)

2 o0
Dg(,l)($70+) = ;/0 e118B1(s)erfc(es) cos(sz)ds

(34)
2@07) = 2 [ slusa(s) + e Ba(o)}
erfc(es) cos(sz)ds (35)

D@(,2)($;0_) = —z/ e118Ba(s)erfc(es) cos(sz)ds
e (36)

erfc(z) =1 — &(z).
To solve the problem, the jump functions of the

displacements and the electric potentials across the
crack surface are defined as follows

a
where € = 25

fw(@) = wW(z,0") — w®(z,07) (37)

fo(@)

Substituting Eqgs.(24) and (25) into Egs.(37), (38),
and applying the Fourier transform, it can be ob-
tained that

fw(s) =4 (3)

To(s) = 22 [A4(s)
€11

= ¢(2,0") — $@(2,07) (38)

— Az(s) (39)

— Asz(s)] + Bu(s) — Bz(s)

(40)
Substituting Egs.(33)~(36) into Eqgs.(13), (14
be obtained that

— plA1(s) + Az(s)] — e1s[Bi(s) + Ba(s)] =0
(41)

), it can

Bi(s) + Ba(s)=0 (42)
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e

g—E[Al(S) — As(s)] + Ba(s) — Ba(s) =0 (43)
By solving four Egs.(37), (41)~(43) with four un-
known functions and applying the boundary condi-
tions (13)~(15), it can be obtained that

;rl—/ﬂoo sfw(s)erfc(es) cos(sz)ds = _C—ZOZ |z| S(iM)
;1;/000 fuw(s)cos(sz)ds =0 |z| > (45)

Since the only difference between the classical and
the non-local equations is in the introduction of the
function erfc(es), it is logical to utilize the classical so-
lution to convert the system (44), (45) to an integral
equation of the second kind that is generally better
behaved. For a = 0, then erfc(es) = 1 and Egs.(44),
(45) reduce to the dual integral equations for the same
problem in classical piezoelectric materials. To deter-
mine the unknown function f,(s), the dual-integral
Eqs.(44), (45) must be solved.

4 SOLUTION OF THE DUAL INTEGRAL
EQUATIONS

The dual integral equations (44), (45) can not be
transformed into the second Fredholm integral equa-
tion, because the kernel of the second kind Fredholm
integral equation in the paper!!® is divergent, which
can be written as follows

L{z,u) = (zu)*/? /000 th(e't)Jo(xt)To(ut)dt

0<z wu<l

where J,,(z) is the Bessel function of order n.

k(et) = — o(c't)

@
2081
[ is the length of the crack.

Jo(w)z\/%cos (w—%w) forz>>0

The limit of tk(£'t)Jo(zt)Jo(ut) is not equal to zero for
t — co. So the kernel L(z,u) in Eringen’s paper1%
is divergent. Of course, the dual integral equations
(44) and (45) can be considered to be a single integral
equation of the first kind with a discontinuous kernel
as discussed in Ref.[8]. It is well-known in the litera-
ture that integral equations of the first kind are gen-
erally ill-posed in the sense of Hadamard, i.e. small

lim k(g't) #0 fore’ = #0
t—o0
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perturbations of the data can yield arbitrarily large
changes in the solution. This makes the numerical
solution of such equations quite difficult. For over-
coming the difficult, the Schmidt method{'%! is used
to solve the dual-integral equations (44), (45). The
gap functions of the crack surface displacement are
represented by the following series

fuw(z) = w(l)(w,0+) - w(z)(w, 07)

. ia P(1/2,1/2) (E) (1 B ﬁ) 1/2
_n=1 n+t 2n—2 1 12

for —I1<z<l y=0 (46)

Juw(z) = w(l)(w, ot) — w(z)(a:,O_) =0

for jz|>1 y=0 (47)

where a,, is unknown coefficients to be determined and
P23 is a Jacobi polynomiall®l. The Fourier

transformation!'®! of Eq.(46) is
- > 1
Fu(s) = Zl anGr—Jzn1(sl) (48)

_1(2n—-1/2)
G, =2 B | e e Sl
VR (49)
where T'{z) and J,(z) are the Gamma and Bessel
functions, respectively.
Substituting Eq.(48) into Eqgs.(44), (45), respec-
tively, Eq.(45) can be automatically satisfied. Then

the remaining Eq.(44) reduces to the form

Z anGn/ erfc(es)Jan—_1(sl) cos(sz)ds = —LT()
=1 0 C4q

(50)
For a large s, the integrands of the Eq.(50) decrease
almost exponentially. So they can be evaluated nu-
merically by Filon’s method®®. Equation (50) can
now be solved for the coefficients a, by the Schmidt
method(*®]. Tt can be seen in Refs.[12,13].

5 NUMERICAL CALCULATIONS AND
DISCUSSION

In fracture mechanics, it is of importance to de-
termine the perturbation stress 7,, and the pertur-
bation electric displacement D, in the vicinity of the
crack’s tips. 7,, and D, along the crack line can be
expressed, respectively as

D (x,0) = _ ZanGn/O erfc(es)-
n=1

™
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Jan—1(sl) cos(xs)ds (51)

¢ _ ey ” exfe(es)-
Dy (=,0) - anGn/O erfc(es)

n=1

Jon—1(sl)cos(zs)ds = —CETZE? (z,0)

Ca4 (52)
So long as € # 0, the semi-infinite integration and the
series in Egs.(51) and (52) are convergent for any vari-
able z. Equations (51) and (52) give finite stresses and
electric displacements all along y = 0, so there is no
stress singularity at the crack tips. However, for ¢ =
0, we have the classical stress singularity at the crack
tips, Within the range —I < z < [, 7'75?/7'0 is very
close to unity, and for z > [, Tﬁ) /7o takes finite val-
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—12 4
—16
(x107%)
T T LI L
0 4 & 12
a/2081
Fig.2 The stress at the crack tip versus
a/2p1
0 4
-5
S
S~
5
5
—10 A
—15 4

0.4 0.8 1.2 1.6 2.0
z/l

Fig.4 The stress along the crack line versus
z/1 for a/281 = 0.0005

ues diminishing from a finite value at = = [ to zero at
x = 00. Since &/l > 1/100 represents a crack length of
less than 100 atomic distances!!%!, and for such submi-
croscopic sizes other serious questions arise regarding
the interatomic arrangements and force laws, there-
fore, we do not pursue solutions valid at such small
crack sizes. The semi-infinite numerical integrals are
evaluated easily by Filon’s method[2% because of the
rapid diminution of the integrands. In all computa-
tions, the piezoelectric material is assumed to be the
commercially available piezoelectric PZT-4. The ma-
terial constants of PZT-4 are c4q = 2.56 x 1019 N/m?,
e15 = 12.7¢/m? and e1; = 64.6 x107%c/Vm?, respec-
tively. The results of the stress field and the electric
displacement field are plotted in Figs.2 to 9.
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Fig.3 The electric displacement at the
crack tip versus a/20!]
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Fig.5 The electric displacement along the
crack line versus /! for a/28! =
0.0005
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Fig.6 The stress along the crack line versus
z/l for /283l = 0.001
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Fig.8 The stress along the crack line versus

z/l for a/281 = 0.005

The following observations can be made:

(1) For € # 0, it can be proved that the semi-
infinite integration in Eqs.(51) and (52) and the series
in Eqs.(51), (52) are convergent for any variable z. So
the stress and the electric displacement take finite val-
ues all along the crack line. Contrary to the classical
piezoelectric theory solution, it is found that no stress
and electric displacement singularity is present at the
crack tip, and also the present results converge to the
classical ones in regions far away from the crack tip.
The maximal stress does not occur at the crack tip,
but slightly away from it. This phenomenon has been
thoroughly substantiated in Ref.[22]. The distance
between the crack tip and the maximum stress point
is very small, and it depends on the crack length and
the lattice parameter.

0.4 0.8 1.2 1.6 2.0
z/l

Fig.7 The electric displacement along the
crack line versus z/l for a/28( =

0.001

2 7

0 1
S
~
N
&

—2 4

—4 4

T M T T T T

0.4 0.8 1.2 1.6 2.0
z/l

Fig.9 The stress along the crack line versus
z/l for a/280 = 0.01

(2) The stress at the crack tip becomes infinite
as the atomic distance a — 0. This is the classical
continuum limit of square root singularity. This can
be shown in Eqgs.(44), (45). For a — 0, erfc(es) = 1,
Eqgs.(44), (45) may reduce to the dual integral equa-
tions for the same problem of classical piezoelectric
materials. These dual integral equations can be solved
by using the singular integral equation for the same
problem of the local piezoelectric materials problem.
However, the stress and the electric displacement sin-
gularities are present at the crack tip in the local
piezoelectric materials problem as is well known.

(3) For a/f = constant, viz., the atomic distance
does not change, the value of the stress concentra-
tions (at the crack tip) increases with the increase
of the crack length (a/280 will become smaller with
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the increase of the crack length ). Experiments also
indicate that the piezoelectric materials with smaller
cracks are more resistant to fracture than those with
larger cracks.

(4) The significance of this result is that the frac-
ture criteria are unified at both the macroscopic and
microscopic scales, viz., it may solve the problem of
any scale cracks (that is, any value of a/23!).

(5) The stress concentration occurs at the crack
tip as stated in Refs.[9,10], and this is given by

Tyz([,0) /70 = —c3//a/20l
where ¢g converges to cg = 0.37.

(6) The dimensionless stress field is found to be
independent of the material parameters. They just
depend on the length of the crack and the lattice pa-
rameter. However, the electric displacement is found
to depend on the loads, the length of the crack and
the lattice parameter.

(7) The results of the stress and the electric dis-
placement at the crack tip tend to decrease with the
increase of the lattice parameter as shown in Figs.2
and 3.

(8) The electric displacement for the permeable
crack conditions is much smaller than the results for
the impermeable crack conditions as shown in Figs.3
and 5.

(53)
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